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Vector space

A vector space is a set 𝑉 along with an addition on 𝑉 and a scalar multiplication on 𝑉 such that the following
properties hold:

• 𝑢 + 𝑤 = 𝑤 + 𝑢 for all 𝑢,𝑤 ∈ 𝑉;
• (𝑢 + 𝑣) + 𝑤 = 𝑢 + (𝑣 + 𝑤) and (𝑎𝑏) 𝑢 = 𝑎 (𝑏𝑢) for all 𝑢, 𝑣, 𝑤 ∈ 𝑉 and all 𝑎, 𝑏 ∈ F;
• there exists 0 ∈ 𝑉 such that 𝑢 + 0 = 𝑢 for all 𝑢 ∈ 𝑉;
• for every 𝑢 ∈ 𝑉, there exists 𝑤 ∈ 𝑉 such that 𝑢 + 𝑤 = 0;
• 1𝑢 = 𝑢 for all 𝑢 ∈ 𝑉;
• 𝑎 (𝑢 + 𝑤) = 𝑎𝑢 + 𝑎𝑤 and (𝑎 + 𝑏) 𝑢 = 𝑎𝑢 + 𝑏𝑢 for all 𝑎, 𝑏 ∈ F and all 𝑢,𝑤 ∈ 𝑉.

Example

The set
{𝑓∶ [0, 1] → R ∣ 𝑓 is continuous.}

is a vector space with the operations:

1. (𝑓 + 𝑔) (𝑥) = (𝑓) (𝑥) + (𝑔) (𝑥).
2. (𝑐𝑓) (𝑥) = 𝑐𝑓 (𝑥), for 𝑐 ∈ F.
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Hamel basis

A basis of 𝑉 is a subset 𝐻 or list of vectors in 𝑉 that is linearly independent and spans 𝑉.

1. ∀𝐹 ⊆ 𝐻, 𝐹 is finite, ∑
𝑓∈𝐹

𝜆𝑓 ⋅ 𝑓 = 0𝑉, with 𝜆𝑓 ∈ F ⟹ 𝜆𝑓 = 0F.

2. ∀𝑢 ∈ 𝑉, ∃𝐹 finite, 𝐹 ⊆ 𝐻 such that ∑
𝑓∈𝐹

𝜆𝑓 ⋅ 𝑓 = 𝑢, with 𝜆𝑓 ∈ F.

Remark

The vector space {𝑓∶ [0, 1] → R ∣ 𝑓 is continuous.} has uncountable Hamel dimension.
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Norm

A norm on 𝑉 is a map from 𝑉 to the nonnegative reals:

‖⋅‖ ∶ 𝑉 → R≥0

satisfying

• ∀𝑥 ∈ 𝑉 ∶ ‖𝑥‖ = 0 ⟺ 𝑥 = 0𝑉.
• ∀𝑥 ∈ 𝑉, 𝜆 ∈ F ∶ ‖𝜆𝑥‖ = |𝜆| ‖𝑥‖.
• ∀𝑥, 𝑦 ∈ 𝑉 ∶ ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖.

Normed vector space

Let 𝑉 be a vector space over F. Let ‖⋅‖ be a norm on 𝑉. Then, (𝑉, ‖⋅‖) is a normed vector space.

Let 𝑉𝑖, 𝑖 = 1,… , 𝑛, be a normed vector space of dimension 𝑛𝑖 with a scalar product, we define

𝑛
∏
𝑖=1

𝑉𝑖 ≔ {(𝑣1,… , 𝑣𝑛) ∣ 𝑣1 ∈ 𝑉1,… , 𝑣𝑛 ∈ 𝑉𝑛}

is a vector space of dimension
𝑛
∑
𝑖=1

𝑛𝑖.
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Field vector

template< class K, int SIZE >

class FieldVector;

represent a low-dimensional vector space with in 𝑉 = F𝑛 over the field F.

Dune:::FieldVector<double, 3> v;
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Block vector

template<class B, class A=std:::allocator<B> >

class BlockVector;

Dune:::BlockVector<Dune:::FieldVector<double, 3> >
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Linear map

Let 𝑉 and𝑊 two vector spaces. A linear map from 𝑉 to𝑊 is a function 𝑇∶ 𝑉 → 𝑊with the following properties:

• 𝑇 (𝑢1 + 𝑢2) = 𝑇 (𝑢1) + 𝑇 (𝑢2) for all 𝑢1, 𝑢2 ∈ 𝑉;
• 𝑇 (𝜆𝑢) = 𝜆 (𝑇𝑢) for all 𝜆 ∈ F and all 𝑢 ∈ 𝑉.

Example

Backward shift: Define 𝑇 ∈ ℒ (F∞,F∞) by

𝑇 (𝑥1,…) = (𝑥2,…) .

Matrix of a linear map

Suppose 𝑇 ∈ ℒ (𝑉,𝑊).
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